The well-known fact that S 1 , S 3 and S 7 are parallelizable manifolds admitting flat connections is revisited. The role of torsion in the construction of those flat connections is made explicit, and the possibilities allowed by different metric signatures are examined. A necessary condition for parallelizability in an open region is that the torsion tensor must be covariantly constant. This property can be used to obtain a relation between a torsion-free and flat connections. Our treatment covers Riemannian and pseudo-Riemannian (non-Euclidean signature) hyperbolic manifolds of dimensions three and seven. Apart from the spherical cases mentioned above, the explicit flat so(p, q) connections with p + q = 3, 7 are constructed for the coset manifolds SO(p, q + 1)/SO(p, q) or SO(p + 1, q)/SO(p, q).
Introduction
Curved parallelizable manifolds are exceptional. For them, a metric-compatible connection can be defined on their frame bundle so that parallel transport on any closed loop brings every vector back to itself, a property also known as absolute parallelism or parallelism at a distance.
In 1926, using tools of Riemannian geometry and group theory, E. Cartan and J. A. Schouten proved that S 1 , S 3 and S 7 are parallelizable, that is, they admit flat u(1), so (3) and so (7) connections, respectively [1] . This result was later shown to be unique and true only for these spheres in series of separate works by R. Bott, J. Milnor [2] and J. F. Adams [3] , building on results by H. Hopf [4] that the only normed division algebras have dimensions 1, 2, 4, 8, -corresponding to R, C, H and O-, established that the only parallelizable spheres are S n with n = 0, 1, 3, 7 (see, e.g., [5, 6] ).
Even though the results of Cartan and Schouten were correct, there remained some gaps in the proof in the case of S 7 . In two papers, J. A. Wolf addressed and resolved those gaps [7, 8] extending the result to the pseudo-Riemannian group manifolds and S p,q or H p,q with p+q = 7. Wolf's result established that any connected pseudo-Riemannian manifold which admits flat connection is locally isomorphic to a globally symmetric pseudo-Riemannian manifold which is a product of a certain nilpotent Lie group manifold, flat space, group manifolds and seven-spheres.
The spheres S 3 and S 7 are manifolds of positive definite -Riemannian-metric and it is therefore a natural question whether these results could be extended to manifolds of indefinite metric, like Lorentzian spacetimes or more generally, to manifolds of signature (q, p). 1 Can there be parallelizable manifolds of any signature?
In high energy physics, for example, the asymptotic regions of spacetime are assumed to be essentially isomorphic to Minkowski space, endowed with a congruence of inertial reference frames with respect to which the particle states are defined [9] . An unambiguous congruence of inertial reference frames in an open region requires inertiality to be an equivalence relation satisfying, in particular, transitivity: If two reference frames are inertial with respect to each other, then a third frame inertial with respect to one of them should also be inertial with respect to the other. This transitive condition is equivalent to the requirement that there exists a transitive notion of parallelism under the Lorentz connection, such that parallel transport along a closed path takes a vector back to itself, something that cannot be expected in a generic curved background.
In a D-dimensional parallelizable manifold an orthonormal basis at any point x can be parallel-transported to any other point x in a consistent manner, independently of the path taken to connect x to x . Hence, these manifolds admit coordinates defined by 1 Here the signature is defined by the metric structure on the tangent space η ab = diag( q −, ..., −, p +, ..., +), invariant under SO(p, q). D linearly independent, globally defined vector fields. Moreover, since parallel transport preserves the local metric structure, these spaces must have at least D globally defined Killing vectors that act transitively. Although all spheres are maximally symmetric manifolds admitting the maximum possible number of Killing vectors (D(D + 1)/2), only S 1 = SO(2), S 3 = SO(4)/SO(3) and S 7 = SO(8)/SO (7) are parallelizable.
One can expect that other highly symmetric manifolds of metric signature (q, p) such as the pseudo-spheres S p,q = SO(p + 1, q)/SO(p, q) with positive curvature, or H p,q = SO(p, q + 1)/SO(p, q) with negative curvature, could be parallelizable as well. Here we present a constructive approach to find the flat so(p, q)-connections for p + q = 3, 7. Our analysis leads to their explicit forms in the following cases:
• In three dimensions, AdS 3 = SO(2, 2)/SO(2, 1) with signature (2,1) [10] .
• In seven dimensions, H 4,3 = SO(4, 4)/SO(4, 3) with signature (3, 4) , and S 3,4 = SO(4, 4)/SO (3, 4) with signature (4,3) [7, 8] .
In all of these cases torsion is necessarily present.
The occurrence of spheres with non-Euclidean signatures in different aspects of supergravity makes a detailed study of them an interesting problem to which the current paper could contribute. It is known that the seven-sphere S 7 plays an important role in supergravity where the maximal supergravity in 4-dimensions in anti-de Sitter (AdS 4 ) background with a local SO(8) symmetry is obtained by the dimensional reduction of eleven-dimensional supergravity on S 7 [11, 12] . The seven-sphere S 7 has four coset representations SO(8)/SO (7) , SO(7)/G 2 , SO(6)/SU (3) and SO(5)/Sp (2) , where three latter ones are called squashed S 7 and each has a different holonomy group. It is known that one can also consider the dimensional reduction on squashed spheres [13, 14] , in which case the resulting 4-dimensional supergravity theory will preserve fewer supersymmetries, which can be understood as due to smaller holonomy groups [15] of the squashed spheres. For example the compactification on S 7 = Sp(4)/Sp(2) will lead to N = 1 or N = 2 supergravities [13] and on S 7 = SO(7)/G 2 the presence of internal fluxes leads to a supergravity theory in four dimensions with all supersymmetries broken [14] .
As discussed in [16, 17] , a similar role is also played by S 3,4 = SO(4, 4)/SO (3, 4) as an internal manifold in the compactification of timelike T-dual M-theory (more precisely the supergravity theory at low energy limit of M -theory) [18] , where one obtains an AdS 4 maximal supergravity with a local SO (4, 4) symmetry. An extension of this analysis in [19] showed that the squashed S 3,4 = SO(3, 4)/G 2,2 can be realized as an internal manifold in the dimensional reduction of M -theory. In that case, the resulting 4-dimensional supergravity is a non-supersymmetric theory.
The paper is organized as follows. In Section 2 we review the previous results by Cartan and Schouten [1] and their generalization by Wolf [7, 8] to pseudo-Riemannian metric. We show the necessary condition for a manifold to have a flat connection. In Section 3 we introduce so-flatness which is relevant of our analysis for sphere or hyperbolic manifolds. We exhibit the idea explicitly and the role of torsion in the construction. Starting with three-dimensions we point out the need of cross product and the relation with the quaternion and octonion division algebras (and their split forms). We also discuss the path along which it can be generalized to seven-dimensions. In Section 4 we write down the flat connection both in the case of metric with Euclidean and non-Euclidean signature and identify the corresponding coset manifold in each case. We summarize the results in Section 5 and we include an appendix with a short review of division algebras and how they relate to parallelizability of spheres.
Previous results and notation
Consider a manifold M p,q equipped with a metric g µν (x), whose tangent space at each point T x is flat and equipped with a constant flat metric η ab invariant under SO(p, q). The metric structure in M p,q is provided by the vielbein e a = e a µ (x)dx µ ,
The group SO(p, q) acts locally on M p,q so that a vector in the tangent space u a (x) at a given point x is parallel-transported to a nearby point
+ ω a bµ (x)dx µ is an element of SO(q, p) infinitesimally close to the identity. This condition is also expressed as
where Du a is the covariant derivative of u a with connection 1-form ω a b = ω a bµ dx µ that takes values in the Lie algebra so(p, q).
The manifold M p,q is parallelizable if there exists a flat SO(p, q) connection, namely, if the corresponding curvature two-form R a b , defined as 2
In what follows, we will refer to a connection for the SO(p, q) group as an "so-connection".
Another important feature of M p,q is its torsion two-form, 4) which is in general independent of the curvature R a b . The covariant derivative of torsion, however, satisfies the identity
5)
By definition, in any open chart of M p,q the covariant derivative of η ab vanishes identically, Dη ab = 0 [20, 21] . A necessary and sufficient condition for Dη ab = 0 is that the so-connections be antisymmetric,
A consequence of this is that if κ ab is any antisymmetric SO(p, q)-tensor one-form and ω a b is an so-connection, then ω a b + κ a b is also an so-connection. This freedom is usually associated to the possibility of choosing a torsion-free connection and, as shown below, it can also be used to construct flat so-connections.
The question we would like to address here is what are the conditions for a pseudo-Riemannian manifold M p,q to admit absolute parallelism. The proof of Cartan-Schouten as well as those of Bott-Milnor and Adams apply to Euclidean signature (M p,q = M n,0 ≡ M n ), concluding that the only parallelizable spheres are S 1 , S 3 and S 7 . However, it is easy to show that AdS 3 = H 2,1 , the three-dimensional manifold of constant negative curvature and signature (−, +, +), 3 also admits a flat connection [10] . Here we examine how this result could extend to higher dimensions. Seven-dimensional constant curvature manifolds are obviously good candidates, but even though a priori there are several options for the possible signatures, it will be shown that only two different signatures are admissible up to the discrete symmetry η ab → −η ab .
As is well known, it is possible to choose a particular so-connectionω that satisfies the additional constraint of vanishing torsion,
This relation is algebraically solved for the torsion-free connection which is entirely determined by the metric structure,
where E µ a is the inverse vielbein and Γ ν µ = Γ ν µλ dx λ is the Levi-Civita connection oneform, Γ ν µλ = g νγ (g γλ , µ +g γµ , λ −g λµ , γ ). Relation (2.8) can also be interpreted as relating the connections Γ andω by a "gauge transformation" represented by the Jacobian e a µ = (∂z a /∂x µ ) and its inverse E µ a . The reciprocal relation gives the Levi-Civita connection in terms of the torsion-free so-connection,
This equivalence between the Levi-Civita connection and torsion-free so-connection is assumed to be globally valid by virtue of the invertibility of e a µ . 4
The Riemann curvature two-form obtained from the Levi-Civita connection is
This curvature is similar to -but quite different from-the curvature (2.3) defined by the soconnection ω a b : Γ α β acts on tensors in a coordinate basis, while ω a b acts on tangent space tensors referred to an orthonormal basis. As stated in (2.6) ω ab = η ac ω c b is antisymmetric in its lower indices (a ↔ b), whereas g αγ Γ γ β has no symmetry under exchange of α and β. More importantly, Γ α β is entirely defined by the metric of the manifold g µν , while ω a b is independent from the metric structure. The two so-connections ω a b andω a b define different notions of parallelism and different so-curvatures, R a b andR a b , respectively.
is the contorsion tensor, and the corresponding so-curvatures are related by
whereD is the derivative for theω connection. From (2.9) the Riemann curvature R and the torsion-free so-curvatureR are found to be linearly related,
and for example, R α β = 0 ⇔R a b = 0. Consider the Euclidean 3-sphere of radius ρ, defined as the surface (
Hence, from (2.13) one concludes that the torsion-free so(3)-connectionω for S 3 is not flat. Parallelizability of S 3 means that there exist some other so(3)-connection ω whose curvature vanishes, but the corresponding torsion does not.
Before going any further let us clarify an important point. Consider an so(p, q) connection ω in a (p + q)-dimensional constant curvature manifold M equipped with a local orthonormal basis e a . It can be shown that M admits a flat so(p + 1, q) or so(p, q + 1) connection: The one-form
where is a constant, defines a connection for so(p
Consequently, if M is a torsion-free manifold of constant curvature σ/ 2 it admits a so(p + 1, q)-or so(p, q + 1) flat connection W whose curvature F vanishes. It should be stressed that this is a feature of any constant curvature torsion-free manifold and independent from the statement that S 3 and S 7 admit flat so(3) and so (7) connections, respectively. For example, according to the above argument S 4 admits a flat so(5)connection but it does not admit a flat so(4)-connection and therefore is not said to be parallelizable.
3 so-flatness From (2.5) it follows that torsion in a so-flat manifold need not vanish but must be covariantly constant,
In fact, as we will see, so(p, q)-flatness of a (p+q)-dimensional constant curvature manifold requires T a = 0. Consider the torsion two-form expressed in a basis of local orthonormal frames as
where τ a bc is an so-tensor zero-form, antisymmetric in the lower indices. Then, a necessary condition for so-flatness (3.1) is
which is satisfied if the coefficients multiplying (e a e b ) and (e a e b e c ) vanish independently,
Condition (3.4) implies that τ a bc must be covariantly constant and if the connection is flat it can always be chosen as constant in an open region. Hence, without loss of generality one can take dτ a bc = 0, so that in the right basis, τ a bc is a constant tensor. As we shall see in the next section, conditions (3.4) and (3.5) are easily achieved in three dimensions; the situation in seven dimensions is less straightforward but non-trivial solutions still exist.
Three-dimensional case
In three dimensions, conditions (3.4) and (3.5) are identically satisfied by τ a bc ≡ τ a bc where abc is the Levi-Civita tensor 5 and τ is a constant. In this case, τ a bc is an invariant tensor of SO(p, q), (p + q = 3) and (3.5) is just the Jacobi identity. Consequently, in three-dimensions the torsion two-form can be written as
The contorsion is κ a b = −τ a bc e c , and
whereD is the covariant derivative corresponding to the torsion-free connectionω, and we have used a
Hence, the torsion-free curvature of a three-dimensional so-flat manifold is
Conversely, this result implies that in a three-dimensional constant curvature manifold of radius ρ, the connection ω a b =ω a b − ρ −1 a bc e c is so-flat for the appropriate sign of det(η). Hence, there are two distinct possibilities for a three-dimensional manifold admitting an so-flat connection:
• If the so-invariant metric η ab is Euclidean, i.e. η ab = diag(+1, +1, +1), the threedimensional manifold has constant positive curvature, i.e. S 3 , as expected.
• If the so-invariant metric η ab is Lorentzian, η ab = diag(−1, +1, +1), then the manifold has constant negative curvature, i.e. AdS 3 , [10] . 6 There is also the degenerate case τ = 0 that corresponds to flat Euclidean and Lorentzian manifolds R 3 and R 2,1 .
The key point in the previous construction is the possibility of writing the torsion two-form T a as the product (3.2), where τ a bc is an so-tensor zero-form whose function is essentially to map two vectors into a third one. In other words, τ defines an antisymmetric bilinear map from the tangent space T M onto itself, namely, a cross product:
(3.10)
In three dimensions (3.6) identifies τ a bc with a bc , the invariant so-tensor that defines the cross product of three-dimensional vectors (up to a constant). In addition, a bc also defines the structure constants of the Lie algebra so(3) -or so(2, 1)-, which is the feature behind the fulfillment of conditions (3.4) and (3.5) .
It can be seen that the existence of the cross product in 3-dimensional Euclidean space V 3 is related to the isomorphism with the imaginary quaternions (see Appendix),
The fact that the construction also works for the three-dimensional Lorentzian space V 2,1 is due to the existence of another cross product × s which can be traced back to another isomorphism, the one between V 2,1 and the imaginary split quaternions,
The extension of these ideas to seven dimensions is rather straightforward, as we discuss in the next section.
Seven dimensions
In seven-dimensional vector spaces there also exist two antisymmetric bilinear maps, the cross products × and × s . The first results from the isomorphism between V 7 and the imaginary octonions,
and the second follows from the isomorphism between V 4,3 and the imaginary split octonions,
In the first case, the cross product × is provided by the tensor f abc that defines the multiplication rule of the octonions, see (A.8) in Appendix. In the second case the cross product × s is brought in by the tensorf abc that defines the multiplication rule of the split-octonions, see (A.11) in Appendix. We will next review these two cases separately.
Euclidean signature
Unlike the situation in three dimensions, where the structure constants a bc define an invariant SO(3) tensor, the coefficients f a bc transform as the components of an SO(7) tensor, but is not as an invariant SO (7) tensor. The coefficients f a bc define an invariant tensor under the exceptional Lie group G 2 ⊂ SO (7) , the automorphism group of the octonions [23] .
In fact, G 2 can be defined as the automorphism group of f abc and therefore it is also the group of real linear transformations that preserve the cross product. Additionally, G 2 is also the isotropy group of Spin (7), 7 which leaves the identity of octonions fixed and therefore preserves the space orthogonal to the identity, the seven-dimensional space of imaginary octonions Im O. Finally, since G 2 is a subgroup of SO (7), there is an inclusion G 2 → SO(Im O) and therefore G 2 admits a 7-dimensional representation Im O.
The exceptional group G 2 is the subgroup of SO(7) which preserves the non-degenerate 3-form [24, 25] 
where dx abc = dx a ∧ dx b ∧ dx c [6, 26] .
Since the coefficients f abc define an invariant tensor under G 2 ⊂ SO (7) it means that for any group element Λ a b ∈ G 2 , the coefficients 8 f a bc transform as the components of an invariant tensor, i.e. Λ : f → f , or
This guarantees that G 2 is an automorphism of Im O for the cross product,
Let Λ ∈ G 2 be an element near the identity,
where the generators J s (s = 1, 2, · · · , 14) belong to g 2 , the Lie algebra of G 2 , satisfying
where C t rs are the structure constants of g 2 . From (4.4), the invariance of the cross product under the action of G 2 implies
Here {J s } are the 14 generators of G 2 in a 7 × 7 antisymmetric representation of the Lie algebra g 2 (for a concrete example of this representation, see [27] ). The group SO (7) contains seven additional generators X 1 , · · · , X 7 which can be chosen as
The commutator of X with the G 2 generators is
Group Connection
Property G 2ωD f a bc = 0 SO (7) ω T a = De a = 0 SO(7)ωDe a = 0 
The generators X as well as their commutators are antisymmetric 7 × 7 matrices and therefore they leave the seven-dimensional Euclidean metric δ ab invariant. Thus, the X's are SO (7) generators as well.
Now, in a seven-dimensional manifold with Euclidean signature one can consider three different connections,ω, ω andω, corresponding to three distinct notions of parallelism: parallel transport under G 2 , SO(7) and the torsion-free SO(7) connections, respectively. Each of these connections defines a corresponding covariant derivative, which we denote byD, D andD. Since G 2 ⊂ SO (7),ω can also be viewed as a piece of the connection of SO (7), ω, or of the torsion-free SO(7)-connection,ω. These three connections have different independent properties as compared in Table 1, The G 2 connectionω(x) can be expressed aŝ Consider now the SO(7) connection defined as
where α is a constant and e a is a vielbein one-form.
A relation analogous to (4.15) can be assumed between the SO (7) connection ω and the torsion-free SO(7) connectionω,
where µ is another constant andω is defined by the torsion-free condition, de a +ω a b e b = 0. Now the torsion is given by Given the propertyDf a bc = 0 (see Table 1 ), and the condition (4.21), we have
Direct computation using the explicit form of f a bc given in (A.9) implies that which states the known fact that a seven sphere admits a flat SO(7) connection (4.16).
Similarly to the Riemann curvature, one finds that the G 2 curvature of an SO(7)-flat seven-dimensional manifold iŝ where * f a bcd ≡ 1 6 a bcdef g f ef g . From the expressions for the torsion two-form (4.17) and the curvature two-form (4.27), it is easy to see that their tensor components in the appropriate basis, T a bc = −µf a bc and R a bcd are invariant under G 2 .
Non-Euclidean signature
We now consider a manifold with metric η ab invariant under SO(p, q) in the tangent space.
The constructive approach of the previous subsection can be repeated provided a cross product can be consistently defined by some SO(p, q) tensorf a bc . Then, the existence of a covariantly constant torsion hinges on the existence of a certain tensor invariant under a subgroup of SO(p, q). It turns out that this is true for SO(4, 3) -and for its mirror, SO(3, 4)-10 in which case there exists a cross product in seven dimensions, × s ,
which is now an invariant operation under SO(4, 3), see Appendix for information on Im O s and the form off a bc . A cross product × s can be constructed in analogy to that for V 2,1 starting from the multiplication table for the imaginary split octonions (we use the subscript s to emphasize this point). The SO(4, 3)-tensorf is invariant under an exceptional group known as "split-G 2 ", a subgroup of SO(4, 3) also denoted as G 2,2 , the group of automorphism of split octonions O s [25, 28] .
Echoing the discussion of the previous section, one can define parallelism with respect to the so (4, 3) connection ω, the torsion-free so(4, 3) connectionω and the g 2,2 connectioñ ω. Each of these connections has a corresponding covariant derivative -denoted by D and D andD, respectively-with different geometric features, as summarized in the Table 2 .
Since G 2,2 ⊂ SO(4, 3), the connectionω can also be viewed 11 as a piece of the connection of SO(4, 3) . Hence, the generic SO(4, 3) connection ω can be written in a form 9 This means that under parallel transport on a closed loop, a tangent vector comes back rotated by an element of G 2 : e a −→ Λ a b e b , with Λ a b ∈ G 2 . 10 We develop the argument for SO(4, 3) but the analysis can be repeated almost verbatim for SO (3, 4) . 11 It is important to stress that in fact, instead of G 2,2 , one has to take into account the group G *
2,2
which is a centerless group to be obtained from G 2 and is the stabilizer of SO + (4, 3) . See [26, 19] for details.
Group Connection
Property G 2,2ωDf a bc = 0 SO(4, 3) ω T a = De a = 0 SO(4, 3)ωDe a = 0 and therefore torsion is written as This result states that a seven pseudo-sphere S 4,3 admits a flat SO(4, 3) connection given by (4.33).
Summary and discussion
We have studied the condition for having a flat so(p, q)-connection in the presence of torsion in three and seven dimensions. The following table lists curved (in the Riemannian, torsion-free sense) maximally symmetric parallelizable manifolds of dimensions three, seven and beyond with their corresponding flat connections.
Manifold 1, 1, 1, 1, 1, 1 −1, −1, 1, 1, 1, 1 ) −ρ −2 e a e bω a b − ρ −1f a bc e c R p,q so(p, q) diag(−1, · · · , −1, 1, · · · , 1) 0 0 
Extensions
Note that we have not ruled out the existence of parallelizable pseudo-Riemannian manifolds of other dimensions. For example, based on the construction presented here we do not claim that spheres S p,q with p + q = 3, 7 are not parallelizable.
Other parallelizable manifolds can be constructed as direct products of these maximally symmetric ones and also by quotienting them by sets of commuting Killing vectors. In the latter case, the new manifolds may contain singularities, such as the case of the 2+1 black hole and the related conical singularities [10] , in which case parallelizability is restricted to open sets that do not contain singularities.
Under conformal (Weyl) transformations the metric and the vielbein are locally rescaled,
This transformation does not affect the isotropy group of the tangent space and therefore (5.1) must commute with the so(p, q) symmetry in the tangent space. Hence, (5.1) leaves the connection unchanged,
However, the torsion-free so(p, q) connection whose dependence on the vielbein is given in (2.8), changes asω
or,ω ab =ω ab + (e a ∂ b − e b ∂ a ) log Ω. Consequently, the so(p, q) curvature R a b is unchanged under (5.1) while the torsion-free partR a b changes inhomogeneously in a non-symmetric form [29] . This means that a manifold conformally-related to an so(p, q) flat one is also parallelizable. This applies, in particular, to squashed spheres obtained by conformal deformations of a parallelizable one.
From the viewpoint of compactification in supergravity, the internal fluxes in the case of S 7 = SO(7)/G 2 are components of torsion in the language of differential geometry. As a result, this manifold sometimes called round seven-sphere with torsion. As shown here, torsion is proportional to f a bc , which is invariant under G 2 ⊂ SO (7) and therefore the symmetry group of the coset manifold breaks down from SO (8) to SO (7) . This point can be seen with the observation that the imaginary octonion vector space is isomorphic to the tangent space of S 7 . More precisely, the octonions form an eight-dimensional vector space that can be decomposed into the seven-dimensional space of imaginary octonion and the identity element which are perpendicular to each other. The group G 2 is the isotropy group of Spin (7) which fixes the identity and since it is the automorphism group of octonions, it thus preserves the space orthogonal to the identity. The imaginary octonion basis span a seven-dimensional vector space isomorphic to the tangent space of S 7 . Thus, the seven-sphere is written as the coset Spin(7)/G 2 .
Extending the proof to the pseudo-Riemannian case, we saw that a similar construction is possible for H 4,3 = SO(4, 3)/G 2,2 with torsion proportional tof a bc , which is invariant under G 2,2 ⊂ SO(4, 3). In this case, torsion breaks the SO(4, 4) symmetry of round seven-pseudo-sphere down to SO(4, 3) [19] . This can also be seen geometrically using the isomorphism between the imaginary split octonion vector space and the tangent space on S 4,3 .
Another extension of the previous results is related to the possibility of reversing the signature. Since the multiplication rule is determined by this point two comments are in order:
• It is easy to see that the result of this papers hold in the case of the metric with the reversed signature. For example for H 4,3 manifold of Section 4.2, the relative sign of the second term in (4.38) changes. This change in sign is captured by det(η) and therefore, for any signature one can write [26] R ab =R ab − µ 2 det(η) e a e b . (5.4)
• Eq. (5.4) means that given a three-or seven-dimensional manifold of constant Riemannian curvature, one can construct the corresponding flat so-connection, where so stands for so(3), so(2, 1), so(1, 2), so (7) , so (3, 4) or so(4, 3).
We can summarize the result in seven dimensions as follows:
• If T M ∼ = Im O, then the induced metric η ab on the tangent space is Euclidean. The manifold is a seven dimensional constant positive curvature symmetric manifold, that is S 7 = SO(8) SO (7) or constant positive curvature non-symmetric coset space S 7 = SO(7)
G 2 in the presence of torsion. • If T M ∼ = Im O s , then the induced metric η ab on the tangent space is a diagonal metric 1. with the signature (3, 4) , in the presence of torsion.
2. with the signature (4, 3), ds 2 = − 4 i=1 dx 2 i + 7 i=5 dx 2 i , and consequently det(η) = +1. The manifold M is a constant positive curvature symmetric manifold S 3,4 written as the coset S 3,4 = SO (4, 4) SO (3, 4) or a constant positive curvature non-symmetric coset space as S 3,4 = Spin(3,4)
in the presence of torsion. This is consistent with the discussion of parallelizability for both S 7 , H 4,3 and S 3,4 in seminal papers by Cartan-Schouten [1] and Wolf [7, 8] .
As our last comment we point out that an application of this result as a way to construct Englert-type solutions of exotic M -theory has been discussed in [19] where S 3,4 appears as the internal manifold in dimensional reduction of exotic supergravity in 6 + 5 dimensions (low energy limit of M -theory).
Appendix. Division algebras and parallelizability of spheres
As we mentioned the use of normed division algebras plays an important role providing us the sufficient condition for parallelizability of the manifold. For this reason it is helpful to have a quick review of what a division algebra is and how it can be related to the framing of a manifold. An algebra g is called a division algebra if for any non-zero element a ∈ g there exist inverse elements for both left and right multiplications. If g is also a normed vector space it is called a normed division algebra. There is a theorem by Hurwitz [30] which states that there are only four normed division algebras R, C, H and O where R and C are real and complex vector spaces respectively, H is the quaternion algebra and O is the octonion algebra. These division algebras have peculiar properties; R is ordered, commutative and associative algebra, C is a commutative and associative algebra, H is a non-commutative and associative algebra and O is a non-commutative and non-associative algebra. However, they are all alternative [31] , i.e. ∀a, b ∈ g
and share a common and important property: they are normed algebras. On the other hand, the possible dimension of any real division algebra is either 1, 2, 4 or 8 [4, 2, 32] . Consequently, it is inferred that only normed division algebras of dimensions 1, 2, 4 and 8 are R, C, H and O.
Quaternions
A quaternion q ∈ H is determined by four real numbers q 0 , q a , a = 1, 2, 3 , as q = q 0 +q a λ a , where the imaginary units λ a satisfy the rule given in Table 4 ,
This multiplication rule (A.2) also defines the SO(4)-invariant bilinear norm for quaternions,
The multiplication rule of imaginary quaternion units provides a rule for a cross product (×) in V 3 :
(
Additionally, (A.3) induces a positive definite SO(3)-invariant scalar product in V 3 , v·w = v a w a given by the Euclidean metric δ ab = diag(+, +, +). where η ab = diag(−1, +1, +1) and a bc = η ad dbc so that the imaginary unitsλ a satisfy the multiplication rule given in Table 5 . It turns out that there exists a cross product in three dimensional vector space V 2,1 denoted by × s and defined as
which is now an invariant operation under SO(2, 1). We emphasize that V 2,1 Im H s .
The SO(2, 1)-invariant metric η ab is induced from the SO(2, 2)-invariant bilinear form on the space of split-quaternions H s ,
whereq * =q 0 −q aλ a .λ 1λ2λ3 λ 1 −1λ 3 −λ 2 λ 2 −λ 3 1 −λ 1 λ 3λ2λ1 1 
Octonions
The octonions are defined in a similar way [6] with eight real numbers z 0 , z a , a = 1, · · · , 7 , and seven imaginary units λ a , as z = z 0 + z a λ a , where the imaginary units satisfy the multiplication rule given in Table 6 , The coefficients f abc are defined by the multiplication table 6 for imaginary octonions. 12 Figure 1 : The Fano plane for octonions which is a mnemonic way of finding totally antisymmetric f abc instead of using the multiplication table 6.
The cross product × on the seven dimensional vector space V 7 , isomorphic to the space of imaginary octonions Im O, is defined as
where v, w, v × w ∈ Im O.
Split octonions
The split octonions are also defined by eight real numbersz 0 ,z a , a = 1, · · · , 7 , and seven imaginary unitsλ a , asz =z 0 +z aλ a . The imaginary units satisfy Formally we have
This is summarized in Table 7 of imaginary split-octonions, and the corresponding Fano plane in Figure 2 .
λ 1 λ 2 λ 3 λ 4 λ 5 λ 6 λ 7 λ 1 −1 λ 3 −λ 2 −λ 5 λ 4 −λ 7 λ 6 λ 2 −λ 3 −1 λ 1 −λ 6 λ 7 λ 4 −λ 5 λ 3 λ 2 −λ 1 −1 −λ 7 −λ 6 λ 5 λ 4 λ 4 λ 5 λ 6 λ 7 1 λ 1 λ 2 λ 3 λ 5 −λ 4 −λ 7 λ 6 −λ 1 1 λ 3 −λ 2 λ 6 λ 7 −λ 4 −λ 5 −λ 2 −λ 3 1 λ 1 λ 7 −λ 6 λ 5 −λ 4 −λ 3 λ 2 −λ 1 1 
Relation to parallelizability
One way to relate the division algebras to parallelizability of spheres is through the projective geometry. It was shown that for any normed division algebra G, the projective line GP 1 is isomorphic to a sphere of the dimension of G, e.g. OP 1 ∼ = S 8 . Any projective line GP 1 comes along with a canonical n dimensional line bundle L G or equivalently a unit (n − 1)-sphere bundle (Hopf bundle) at each point on the n dimensional base manifold GP 1 . This allows one to introduce a Hopf map from a 2n − 1 dimensional total manifold to GP 1 which includes an (n − 1)-sphere bundle at each point. Using the Hopf invariant constructed from Hopf maps, it has been shown that for an n dimensional normed division algebra, S n−1 is parallelizable [4, 3] .
